A finite semifield D is a finite nonassociative ring with identity such that the set D * = D \ {0} is closed under the product. From any finite semifield a projective plane can be constructed. In this paper we obtain new semifield planes of order 81 by means of computational methods. These computer-assisted results yield to a complete classification (up to isotopy) of 81-element finite semifields.
Introduction
A finite semifield (or finite division ring) D is a finite nonassociative ring with identity such that the set D * = D \ {0} is closed under the product, i.e., it is a loop [1, 2] . Finite semifields have been traditionally considered in the context of finite geometries since they coordinatize projective semifield planes [3] . Recent applications to coding theory [4, 5, 6] , combinatorics and graph theory [7] , have broaden the potential interest in these rings.
Because of their diversity, the obtention of general theoretical algebraic results seems to be a rather difficult (and challenging) task. On the other hand, because of their finiteness, computational methods can be naturally considered in the study of these objects. So, the classification of finite semifields of a given order is a rather natural problem to use computations. For instance, computers were used in the classification up to isotopy of finite semifields or order 32 [8, 1] . This computer-assisted classification is equivalent to the classification of the corresponding projective semifield planes up to isomorphism [9] .
In this paper we obtain a classification up to isotopy of finite semifields with 81 elements. It turns out that approximately one half of the 81-element semifield planes were previously unknown.
The structure of the paper is as follows. In §2, basic properties of finite semifields are reviewed. Finally, in §3, a complete description of 81-element finite semifields is given.
Preliminaries
In this section we collect definitions and facts on finite semifields. Proofs of these results can be found, for instance, in [1, 2] . Definition 1. A finite nonassociative ring D is called presemifield, if the set of nonzero elements D * is closed under the product. If D has an identity element, then it is called finite semifield.
If D is a finite semifield, then D * is a multiplicative loop. That is, there exists an element e ∈ D * (the identity of D) such that ex = xe = x, for all x ∈ D and, for all a, b ∈ D * , the equation ax = b (resp. xa = b) has a unique solution.
Besides finite fields (which are obviously finite semifields), finite semifields were first considered by L.E. Dickson [10] and were deeply studied by A.A. Albert [11, 12, 9, 13] . The term "finite semifield" was introduced in 1965 by D.E. Knuth [1] . These rings play an important role in the study of certain projective planes, called semifield planes [3, 1] . Recently, applications of finite semifields to coding theory have been also considered [4, 5, 6] . Also, connections to combinatorics and graph theory have been found [7] . Proposition 1. The characteristic of a finite presemifield D is a prime number p, and D is a finite-dimensional algebra over
If D is a finite semifield, then GF (q) can be chosen to be its associative-commutative center Z(D). Because of Wedderburn's theorem [14] , finite semifields are either proper or finite fields. The existence of proper semifields is guaranteed by the following result.
and |D| ≥ 16. Moreover, for any prime power p n ≥ 16, with n ≥ 3, there exists a proper semifield D of cardinality p n .
The definition of isomorphism of presemifields is the usual one for algebras, and classification of finite semifields up to isomorphism can be naturally considered. Because of the conections to finite geometries, we must also consider the following notion. 
It is clear that any isomorphism between two presemifields is an isotopy, but the converse is not necessarily true. It can be shown that any presemifield is isotopic to a finite semifield [1, Theorem 4.5.4] . From any presemifield D a projective plane P(D) can be constructed (see [3, 1] for the details of this construction). Theorem 6 in [9] shows that isotopy of finite semifields is the algebraic translation of the isomorphism between the corresponding projective planes. So, two finite semifields D 1 , D 2 are isotopic if, and only if, the projective planes P(D 1 ), P(D 2 ) are isomorphic. The set of isotopies between a finite semifield and itself is a group under composition, called the autotopy group.
Given a finite semifield D, it is possible to construct the set D of all its isotopic but non necessarily isomorphic finite semifields. It can be obtained from the principal isotopes of D [1] . A principal isotope of D is a finite semifield D (y,z) (where y, z ∈ D * ) such that (D (y,z) , +) = (D, +) and multiplication is given by the rule 
The sum of the right term will be called the Semifield/Automorphism (S/A) sum.
It is called 3-cube corresponding to D with respect to the basis B [1] . This set is also known as multiplication table, and it completely determines the multiplication in D. If B is a second basis of D (where B = BP t , with P ∈ GL(d, q)), then the relation between the 3-cubes
where −t denotes inverse transpose, and
. A remarkable fact is that permutation of the indexes of a 3-cube preserves the absence of nonzero divisors. Namely, if D is a presemifield, and σ ∈ S 3 (the symmetric group on the set {1, 2, 3}), then the set
is the 3-cube of a GF (q)-algebra D 
, and let B be a GF (q)-basis of D. Then, for all σ ∈ S 3 , and for all
The number of projective planes that can be constructed from a given finite semifield D using the transformation of the group S 3 is at most six [1, Theorem 5.2.1]. Actually, S 3 acts on the set of semifield planes of a given order. So, the classification of finite semifields can be reduced to the classification of the corresponding projective planes up to isotopy and, ultimately, this can be reduced to the classification of semifield planes up to the action of the group S 3 . In this setting, we will consider a plane as new when no known 1 finite semifield coordinatizes a plane in its S 3 -orbit.
Invariance under the transformation by S 3 leads to the following definition.
Definition 4. Let D be a finite presemifield d-dimensional over GF (q), and let σ ∈ S 3 . Then, D is called:
•
Clearly, if a presemifield is σ-invariant, then it is σ-isotopic. Different wellknown notions can be rephrased in terms of this definition.
Example 1. A finite presemifield:
• Is commutative iff it is (1, 2)-invariant.
• Is symplectic [5] iff it is (1, 3)-invariant.
• Induces a self-dual plane [1] iff it is (1, 2)-isotopic.
• Induces a self-transpose plane [15] • A unique orbit consisting of six planes.
• Two orbits of three planes each.
• Three orbits of two planes each.
• Six different planes.
We finish this section recalling that the construction of finite semifields of a given order can be rephrased as a matrix problem [16, Proposition 3]. 
3. The first column of the matrix A i is the column vector e ↓ i with a 1 in the i-th position, and 0 everywhere else.
New Semifield Planes of order 81: a classification
This section is devoted to the study of semifield planes of order 81. All these planes have been obtained by exhaustive search of coordinatizing semifields, and a complete classification has been later achieved. Let us begin by fixing some notation. If D is a finite semifield with 81 elements, then it is a finite nonassociative algebra of dimension 4 over Z 3 . From [16] [Proposition 3] there exists a set of matrices {A 1 = I 4 , A 2 , A 3 , A 4 } ⊆ GL(4, 3) with the first column of A i equal to the vector e ↓ i (i = 1, . . . , 4), such that (4, 3) , for all non-zero tuples (λ 1 , λ 2 , λ 3 , λ 4 ) ∈ 4 Z 3 . These matrices are the coordinate matrices of the maps R xi where B = {x 1 = e, x 2 , x 3 , x 4 } is a Z 3 -basis of D. Hence, the existence of 81-element semifields is reduced to the existence of sets of 4 matrices satisfying certain conditions. The first of these matrices is always the identity matrix. Let us now show that the second matrix can also be chosen from a small amount of matrices.
Proposition 5.
If D is a finite semifield with 81 elements, then there is a Z 3 -basis B = {x 1 = e, x 2 , x 3 , x 4 } of D such that the coordinate matrix of R x2 is a companion matrix of one of the following polynomials:
Proof. From [16] [Theorem 2] the finite semifield D is left and right primitive [17] . Therefore, there exists an element x 2 ∈ D such that the characteristic polynomial p x2 (x) of the linear transformation R x2 is a primitive polynomial of degree 4 over Z 3 [16] [Proposition 2]. So, in view of the list of the primitive polynomials of order 4 over Z 3 [18] it must be one of the eight listed above. Moreover, in particular, p x2 (z) is irreducible in Z 3 [z], and so B = {1, x 2 , x 2 2) , x 2 3) } is a linearly independent set, i.e., it is a Z 3 -basis of D. The coordinate matrix of R x2 with respect to such a basis is clearly a companion matrix.
We have used this property to design a search algorithm for 81-element finite semifields. Our algorithm, which is a rather standard backtracking method (cf. [8] ), is written below with the help of two auxiliary functions. The first one (Complete) enumerates all valid semifields with given initial matrices. The second one (Complete2) enumerates all valid semifield with given initial matrices and some columns of the next matrix. The function Complete uses the already known matrices to create the initial columns of the next matrix and then calls Complete2. This second function, in turn, recursively adds columns to the incomplete matrix (backtracking if necessary) and then calls Complete with new matrix. • Input: A list of matrices L, a truncated matrix M , the characteristic p and the dimension n
• Output: List of matrices representing all the semifields with initial matrices L and M , of the given characteristic and dimension
• Procedure:
Compute C, the list of columns c such that the join of M and c is linearly independent of the matrices of L (truncated at the k + 1 first columns) for each c in C do Join c to M , as its k
We have implemented this algorithm in the language C++. The run time on a 2GHz desktop computer was about 150 seconds (for each separate case). As output, the following number of tuples were obtained:
Form of A 2 Number of tuples (A 3 , A 4 , A 5 , A 6 ) (1) 6811 (2) 6811 (3) 6811 (4) 7866 (5) 7866 (6) 6811 (7) 7866 (8) 7866
These tuples were later processed by a classification algorithm.
Algorithm 4: Isomorphism classification algorithm
• Input: A collection of lists of matrices representing semifields • Output: Representatives of all isomorphism classes present in the collection
The correctness of the algorithm is guaranteed by [16] [Theorem 2], since any primitive semifield is necessarily cyclic. The algorithm produced 2826 isomorphism classes that were later processed by another algorithm which classified semifields under isotopy and S 3 -action. The output of this third algorithm showed the existence of 27 isotopy classes and 12 different planes (up to S 3 -equivalence).
Algorithm 5: Isotopy and S 3 -action classification algorithm
• Input: A collection of lists of matrices representing semifields • Output: Representatives of all isotopy and S 3 -action classes present in the collection
for each principal isotope J of I do Insert in S all cyclic representations of J end end end end
At this point we obtained a complete classification of the known semifield planes of order 81. We explicitely constructed all finite semifields of such an order that belong to any of the families collected in [19] . Classification under isomorphism, isotopy and S 3 -action showed the existence of 7 known planes (up to S 3 -action), that we list below. As before, a semifield representative is given for each plane, together with the order of its automorphism group (for a detailed description of the constructions, see [19] ). • j ∈ GF(81) such that j 4 + 2j + 2 = 0;
• α ∈ Aut(GF(81)) such that α(x) = x 3 , for all x ∈ GF(81);
• β ∈ Aut(GF(81)) such that β(x) = x • k ∈ GF(9) such that k 2 + 2k + 2 = 0;
• σ ∈ Aut(GF(9)) such that σ(x) = x 3 , for all x ∈ GF(9). • k ∈ GF(9) such that k 2 + 1 = 0;
• α ∈ Aut(GF(9)) such that α(x) = x 3 , for all x ∈ GF(9).
• β ∈ Aut(GF(9)) such that β(x) = x, for all x ∈ GF(9).
• γ ∈ Aut(GF(9)) such that γ(x) = x 3 , for all x ∈ GF(9).
(A 2 , A 3 , A 4 ) = (19794, 428919, 473210) V Knuth's semifield of type 1 (4 automorphisms) with parameters:
• k ∈ GF(9) such that k 2 + 2k + 2 = 0;
• γ ∈ Aut(GF(9)) such that γ(x) = x 3 , for all x ∈ GF(9). • f ∈ GF(9) such that f + 2 = 0;
• g ∈ GF(9) such that g + 2 = 0;
• σ ∈ Aut(GF(9)) such that σ(x) = x 3 , for all x ∈ GF(9). • f ∈ GF(9) such that f 2 + 2f + +2 = 0;
• σ ∈ Aut(GF(9)) such that σ(x) = x 3 , for all x ∈ GF(9). i . For each of the 12 semifield representatives, we computed the order of the autotopy group, the list of all principal isotopes, and the order of their isomorphism groups. All these data are collected in Table  1 .
These results show the existence of 27 nonisomorphic planes. Two of them are commutative: the Desarguesian one (I) and the one coordinatized by Dickson's commutative semifield (III). The total amount of commutative semifields of order 81 is three: the finite field GF (81), Dickson's commutative semifield, and one of its isotopes with matrices (A 1 , A 2 , A 3 , A 4 ) = (59293, 19818, 12291, 359225). Table 2 contains a summary of our results.
Concluding remarks
In this paper we study finite semifields of order 81, with the help of computational tools. We obtain a complete classification of finite semifields of such an order 81 and their planes (Tables 1 and 2 ). The total amount of these planes is 27. Two of them are commutative (coordinatized by three nonisomorphic commutative finite semifields), approximately half of them (16) 
